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By a sub-supersolution method and a perturbed argument, we improve the earlier results
concerning the existence of ground state solutions to a semilinear elliptic problem
−u + p(x)|∇u|q = f (x,u), u > 0, x ∈ RN , lim|x|→∞ u(x) = 0, where q ∈ (1,2], p(x) ∈
Cαloc(R
N ) for some α ∈ (0,1), p(x) 0, ∀x ∈ RN , and f : RN × (0,∞) → [0,∞) is a locally
Hölder continuous function which may be singular at zero.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction and the main result
In this paper, we are concerned with the existence of ground state solutions for the following problem
−u + p(x)|∇u|q = f (x,u), u > 0, x ∈RN , lim|x|→∞u(x) = 0, (1.1)
where q ∈ (1,2], p(x) ∈ Cαloc(RN ) for some α ∈ (0,1) is non-negative and f : RN × (0,∞) → [0,∞) is a locally Hölder
continuous function which may be singular at zero.
In recent years, the study of ground state solutions, that is, positive solutions deﬁned in the whole space RN and
decaying to zero at inﬁnity, has received a lot of interest and numerous existence results have been established. More
speciﬁcally, when p(x) = 0, consider the following model
−u = b(x)g(u), u > 0, x ∈RN , lim|x|→∞u(x) = 0, (1.2)
where b satisﬁes
(b1) b :RN → (0,∞) is a locally Hölder continuous function,
(b2)
∫ +∞
0 rb
∗(r)dr < ∞, where b∗(r) = max|x|=r b(x).
Throughout the paper, we assume that g ∈ C1((0,∞), (0,∞)).
Additionally, with regard to g , consider the hypothesis
(g1) g is non-increasing on (0,∞).
(g2) lims→0+ g(s) = ∞.
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(g4) lims→0+ g(s)/s = ∞.
(g5)
g(s)
s+c0 is decreasing on (0,∞) for some c0 > 0.
(g6) g(s)/s is decreasing on (0,∞).
(g7) lims→∞ g(s)/s = 0.
In the literature, two or more of all above conditions on g are used to establish existence of solutions.
First, let us brieﬂy review some results on the existence of solutions for problem (1.2) under the conditions (b1) and (b2).
Lair and Shaker [1] and Zhang [2] showed that problem (1.2) has a unique solution if g satisﬁes (g1) and (g2). Cıˇrstea and
Raˇdulescu [3] established a solution of problem (1.2) under the hypothesis (g3), (g4) and (g5). Feng and Liu [4] showed the
existence of entire solutions to problem (1.2) when g satisﬁes (g2) and (g3). Goncalves and Santos [5] proved that problem
(1.2) admits a solution if the conditions (g4), (g6) and (g7) are satisﬁed. Afterwards, Zhang [6] extended the above results
to the more general g which satisﬁes (g4) and (g7) and no monotonicity was required. But we note that, in most of these
investigations, the focus has been on separable nonlinearities f (x, s) = b(x)g(s) like problem (1.2).
Let b satisfy (b1) and consider the linear problem
−u = b(x), u > 0, x ∈RN , lim|x|→∞u(x) = 0. (1.3)
Here we give another condition on b, namely,
(b3) problem (1.3) has a unique solution w ∈ C2+αloc (RN ).
It can be showed that the condition (b3) implies (b2) (see [7] for details).
To complete the overview, we suppose
( f1) f (x, s) is locally Hölder continuous on RN × (0,∞) and continuously differentiable in the variable s,
( f2) f (x, s) b(x)g(s) for all (x, s) ∈RN × (0,∞), where b satisﬁes (b1) and (b3), g satisﬁes
(g8) limsups→∞ g(s)s < 1/‖w‖∞ , where w is the solution of problem (1.3) and ‖w‖∞ := maxx∈RN w(x),
( f3) There exists s0 > 0 such that f (x, s)  a(x)h(s) for all (x, s) ∈ RN × (0, s0), where a : RN → (0,∞) is locally Hölder
continuous and h satisﬁes
(h1) h : (0, s0) → (0,∞) is continuous.
Recently, Ahmed Mohammed [8] and Santos [9] improve all earlier results about existence of solutions for the following
problem
−u = f (x,u), u > 0, x ∈RN , lim|x|→∞u(x) = 0, (1.4)
where the nonlinearity f (x, s) is not necessarily separable. Under the conditions ( f1)–( f3), it is showed that problem (1.4)
has at least one solution.
Concerning ground state solutions for semilinear elliptic problems with a convection term, we refer the reader to [10–13]
and the references therein. Meanwhile, we also see that most of these investigations focus on the following problem
−u + p(x)|∇u|q = b(x)g(u), u > 0, x ∈RN , lim|x|→∞u(x) = 0, (1.5)
where the nonlinearity f (x, s) is separable, namely, f (x, s) = b(x)g(s). Here, we mention that Dinu [10] showed that prob-
lem (1.5) has a unique solution in the case when g(u) = u−γ with γ > 0. Later, the paper [13] showed problem (1.5) has at
least one solution if g satisﬁes (g4) and (g7) and b satisﬁes (b1) and (b3).
The purpose of this paper is to investigate the existence of ground state solutions for problem (1.1), which include
problem (1.5) as a particular case.
Our main result is summarized in the following theorem.
Theorem 1.1. Let q ∈ (1,2], p ∈ Cαloc(RN ) be non-negative. If f satisﬁes ( f1)–( f3), g satisﬁes (g8), h satisﬁes (h1) and
(h2) lims→0+ h(s)/s = ∞,
then problem (1.1) has at least one solution u ∈ C2+αloc (RN ).
The paper is organized as follows. In Section 2, we provide a suitable supper-solution for problem (1.1) and show the
existence of positive solutions in bounded domain. In Section 3, we prove Theorem 1.1.
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The result below will provide a suitable supper-solution for problem (1.1).
Lemma2.1. (See [8, Lemma 3.1].) If b satisﬁes (b1), (b3) and g satisﬁes (g8), then there exists a function v(x) := ψ(γ w(x)) ∈ C2loc(RN )
such that
−v  b(x)g(v(x)), v(x) > 0, x ∈RN , lim|x|→∞ v(x) = 0,
for large enough γ  1, where w is the solution of problem (1.3).
About the proof of Lemma 2.1, we refer the readers to Ahmed Mohammed [8] for more details.
By (g8), we deﬁne
g¯(s) := sup
ts>0
g(t)/t.
Observe that
g¯(s) g(t)/t, ∀t  s > 0.
Remark 2.2. Since γ  1, by Lemma 2.1 we have −v  b(x)g¯(v).
Next, we show the existence of solutions of problem (2.1) in bounded domain by a sub-supersolution method (see Cui
[14, Lemma 3]).
Consider the following problem
−u + p(x)|∇u|q = f (x,u), u > 0, x ∈ Ω, u|∂Ω = 0, (2.1)
where Ω is a smooth bounded domain. Concerning the existence of the solutions of problem (2.1), refer to [15–17] and the
references cited therein.
For the convenience, we denote |u|∞ = maxx∈Ω¯ |u(x)| whenever u ∈ C(Ω¯).
Lemma 2.3. Let q ∈ (1,2], p ∈ Cα(Ω¯), p(x)  0, ∀x ∈ Ω¯ . If f satisﬁes ( f1)–( f3), g satisﬁes (g8), h satisﬁes (h1) and (h2), then
problem (2.1) has at least one solution u ∈ C(Ω¯) ∩ C2+α(Ω).
Proof. Let φ1 ∈ C1(Ω¯) ∩ C2+α(Ω) be the ﬁrst eigenfunction corresponding to the ﬁrst eigenvalue λ1 of
−u = λa(x)u, u > 0, x ∈ Ω, u|∂Ω = 0.
Here a(x) is the function in the condition ( f3).
Let β = q/(q − 1). It follows by (h2) that there exists a positive constant δ1 ∈ (0,min{1, s0}) such that
h(s)
s
 λ1β + |p|∞β
q|∇φ1|q∞
minx∈Ω¯ a(x)
, ∀s ∈ (0, δ1).
Let u =mφβ1 with m ∈ (0,min{1, δ1|φ1|β∞ }). Since m
q−1 < 1, we see that
−u + p(x)|∇u|q = βλ1mφβ1 −mβ(β − 1)φβ−21 |∇φ1|2 + p(x)βqmqφq(β−1)1 |∇φ1|q
 βλ1mφβ1 + p(x)βqmqφβ1 |∇φ1|q
min
x∈Ω¯
a(x)h
(
mφβ1
)
 a(x)h
(
mφβ1
) = a(x)h(u)
 f (x,u), x ∈ Ω,
i.e., u =mφβ1 is a sub-solution to problem (2.1).
Since mφβ1  1 and ∀t > 0, g¯(t) g(t)t−1, combining with ( f2), we get
−u  b(x)g¯(u). (2.2)
On the other hand, we construct a super-solution denoted by u¯ := ψ(γ wΩ), where γ and ψ are deﬁned as in Lemma 2.1
and wΩ is the solution of the following problem
−u = b(x), u > 0, x ∈ Ω, u|∂Ω = 0.
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−u¯  b(x)g(u¯), x ∈ Ω.
By ( f2),
−u¯  f (x, u¯), x ∈ Ω,
i.e., u¯ = ψ(γ wΩ) is a supper-solution to problem (2.1).
By Remark 2.2, we obtain that
−u¯  b(x)g¯(u¯), x ∈ Ω. (2.3)
Since g¯ is non-increasing, by the maximum principle argument, we can obtain from (2.2) and (2.3) that u(x)  u¯(x),
x ∈ Ω . It follows by Cui [14, Lemma 3], that problem (2.1) has at least one solution u ∈ C2+α(Ω) ∩ C(Ω¯) in the ordered
interval [u, u¯]. The proof of Lemma 2.3 is ﬁnished. 
Remark 2.4. By a simple comparison argument, we have that wΩ  w . Here, the function w is deﬁned in condition (b3)
and wΩ is in Lemma 2.3. Therefore, vΩ  v where v is as Lemma 2.1.
3. Proof of Theorem 1.1
Consider the perturbed problem
−uk + p(x)|∇uk|q = f (x,uk), uk > 0, x ∈ B(0,k), uk|∂B(0,k) = 0, (3.1)
where B(0,k) = {x ∈RN : |x| < k}, k = 1,2,3, . . . .
It follows by Lemma 2.3 that problem (3.1) has one solution uk ∈ C2+α(B(0,k)) ∩ C(B¯(0,k)).
Put uk(x) = 0, ∀|x| > k. Let v be as in Lemma 2.1, we assert that
uk(x) v(x), x ∈RN , k = 1,2,3, . . . . (3.2)
Now, we need to estimate {uk}. For any bounded C2+α-smooth domain Ω ′ ⊂ RN , take Ω1 and Ω2 with C2+α-smooth
boundaries, and K1 large enough, such that
Ω ′ ⊂⊂ Ω1 ⊂⊂ Ω2 ⊂⊂ Bk, k K1.
Note that
uk(x) u(x) > 0, ∀x ∈ B(0, K1), (3.3)
when B(0, K1) is the substitution for Ω in the proof of Lemma 2.3.
Let
ρk(x) = f
(
x,uk(x)
) − p(x)∣∣∇uk(x)
∣
∣q, x ∈ B¯(0, K1).
Since −uk(x) = ρk(x), x ∈ B(0, K1), by the interior estimate theorem of Ladyzenskaja and Ural’tseva [18, Theorem 3.1,
p. 266], we get a positive constant C1 independent of k such that
max
x∈Ω¯2
∣
∣∇uk(x)
∣
∣ C1 max
x∈B¯(0,K1)
uk(x) C1 max
x∈B¯(0,K1)
v(x), ∀x ∈ B(0, K1), (3.4)
i.e., |∇uk(x)| is uniformly bounded on Ω¯2. It follows that {ρk}∞K1 is uniformly bounded on Ω¯2 and hence ρk ∈ Lp(Ω2) for any
p > 1. Since −uk(x) = ρk(x), x ∈ Ω2, we see by [19, Theorem 9.11] that there exists a positive constant C2 independent of
k such that
‖uk‖W 2,p(Ω1)  C2
(‖ρk‖Lp(Ω2) + ‖uk‖Lp(Ω2)
)
, ∀k K1. (3.5)
Taking p > N such that α < 1 − N/p and applying Sobolev’s embedding inequality, we see that {‖uk‖C1+α(Ω¯1)}∞K1 is uni-
formly bounded. Therefore ρk ∈ Cα(Ω¯1) and {‖ρk‖Cα(Ω¯1)}∞K1 is uniformly bounded. It follows by Schauder’s interior estimate
theorem (see [19, Chapter 1, p. 2]) that there exists a positive constant C3 independent of k such that
‖uk‖C2+α(Ω¯ ′)  C3
(‖ρk‖Cα(Ω¯1) + ‖uk‖C(Ω¯1)
)
, ∀k K1, (3.6)
i.e., {‖uk‖C2+α(Ω¯ ′)}∞K1 is uniformly bounded. Using Ascoli–Arzela’s theorem and the diagonal sequential process, we see that
{uk}∞K1 has a subsequence that converges uniformly in the C2(Ω¯ ′) norm to a function u ∈ C2(Ω¯ ′) and u satisﬁes
−u + p(x)|∇u|q = f (x,u), x ∈ Ω¯ ′.
By (3.3), we obtain that
u > 0, ∀x ∈ Ω¯ ′.
Applying Schauder’s regularity theorem we see that u ∈ C2+α(Ω¯ ′). Since Ω ′ is arbitrary, we also see that u ∈ C2+αloc (RN ). It
follows by (3.2) that lim|x|→∞ u(x) = 0. Thus, a standard bootstrap argument (with the same details as in [20]) shows that
u is one solution of problem (1.1). The proof is ﬁnished.
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